We give a detailed description of the energy balance equation for a stand-alone hybrid solar-wind power generating system. The dimensions of the power generator and the energy capacity of a buffer battery (used as an energy storage system) are chosen to suit a known consumer's profile. Future applications of the mathematical model developed and analogies with a similar hydrodynamic problem are discussed.
Introduction
Given the high degree of availability of solar and wind power, renewable sources could in the future fulfil planetary energy demand without the aid of fossil fuels. It is in fact estimated that actual primary power demand is 12.5 TW, while the power irradiated by the Sun on the Earth's surface is orders of magnitude higher (6500 TW) and the power from wind currents can be roughly estimated as 1700 TW [1] . Of course, not all of this huge quantity of primary energy is available for useful conversion to electrical energy. However, according to a recent estimate by Jacobson and Delucchi [1] , the exploitable quantities of wind and solar power are approximately 60 and 580 TW, respectively. This suggests that a common scientific effort should be made to overcome the technical problems of energy conversion and distribution. In particular, we need to circumvent the drawback that renewable energy sources generally depend on local meteorological conditions and are thus subject to high variability in time. This aspect is especially crucial if one considers rural areas, where use of stand-alone power generating systems may be recommended. In this case the use of micro windmills [2] may be more feasible than implanting traditional large-scale wind turbines. Furthermore, fully orientating photovoltaic (PV) modules can be used for a higher sunlight harvest, as depicted schematically in figure 1. Figure 1 . Graphical representation of a hybrid sun-wind power generating system. The cylinder motion, for optimal orientation of the PV cells, is controlled by the small black box on the ground, to which the black electric wires are connected. Electric power from the wind turbine rotor is conveyed in the storage unit (large black box) by means of red wires. Finally, green wires carry electric energy from the PV cells to the storage unit.
In this paper we consider the energy flow in the off-grid hybrid solar-wind power generating system represented in figure 1. One part of this combined electromotive force generator consists of PV modules of total area A PV , while the second consists of a wind turbine spanning an area A TB . The storage unit, depicted as a large black box in figure 1, collects electric energy from the wind turbine rotor and from the PV cells. In this particular study we are not concerned with the way this energy is stored. This issue will be taken into account in later work, by considering equivalent circuits for all components.
In the following section we therefore define some characteristic aspects of the hybrid solarwind power generating system. In section 3 we consider the energy balance equation and its hydrodynamic analogue, in order to make these concepts more immediately comprehended by students. In section 4 we propose two very simple cases, in which the production profile is described by elementary functions, and discuss the problem of energy storage. In section 5, the random variability of the energy sources is introduced and the energy storage problem is tackled in a more stringent way. In the last section we discuss future applications of this simple analytic approach.
The hybrid power generating system
In this section we define some characteristic aspects of the off-grid hybrid solar-wind power generating system in figure 1. We start by saying that a rural consumer needs electrical energy for his/her everyday use. The consumer's power demand at any time t (0 t T , where T = 1.0 year) is represented by the function C(t). In the same way, the total power provided by the generator at time t (0 t T ) is denoted by P(t). The annual production of energy E (TOT) P can be determined by knowing, separately, the annual production of the PV cells E
(TOT)
SUN and the of the wind turbine E (TOT) SUN , so that:
Let us now introduce the power densities ρ SUN (t ) and ρ WIND (t ). By briefly recalling known results obtained by means of the Betz equation [2] , we may observe that the maximum extractable power density from wind by means of a turbine is equal to
where ρ A is the density of air and v(t ) is the incoming wind velocity away from the blades, which we assume to be able to predict for the entire year. Similarly, if we know ρ SUN (t ), we can write
Also note that the overall energy demand is composed of four seasonal values E
(i)
C (i = 1, 2, 3, 4) defined as follows:
Therefore, in order to fulfil the consumer's needs, we write:
However, the above inequality needs to hold for each season, so that:
We can now attempt to define the approximate dimensions of the areas A PV and A TB either by considering the most stringent inequality, or by the following simple reasoning. Assume that, in a given region, wind availability is maximum in an interval of time [t 1 ,t 2 ], while the sunlight contribution to E (TOT) P in that period is negligible. On the contrary, in a second interval of time [t 3 ,t 4 ], wind power may be considered negligible, while a maximum power output is expected from solar cells. In this way, we may set E
is the total power generated in the time interval [t i , t j ]. For the remaining periods of the year, the combined contributions of the PV cells and of the wind turbine are sufficient to satisfy the inequalities (6). Therefore, by restricting the inequalities in (6) to the two time intervals [t 1 ,t 2 ] and [t 3 ,t 4 ], we may set:
In this way we have completely defined, according to the consumer's need, the area spanned by the wind turbines and the planar surface occupied by the PV cells. We now need to define the characteristic size of the storage system, which cannot be too small, since we would like to prevent blackouts, and should not be too large, in order to save space and money. We shall consider this particular aspect in the following sections.
Energy balance equation
A schematic representation of the power generating system, of the storage unit and of the consumer is given in figure 2. The energy E P = P(t ) t, generated in a small time interval t, goes into the storage unit, containing an energy B(t ) at time t, from which the consumer can derive, with no delay, a quantity of energy E C = C(t ) t. The difference E P − E C , assumed as being known, can be either positive or negative, depending on the particular time t we choose. We can therefore set, by energy conservation:
For infinitesimal values of t, equation (8) reduces to the following:
The function B(t ) can only vary between zero (an undesirable value) and a maximum value B max , above which any energy surplus, coming from the power generating system and not fully exploited by the consumer, would be lost. In principle, we could choose B max to be as large as we wish. However, by choosing a very large value of the energy storage capacity Figure 3 . A conceptual hydrodynamic analogue for describing energy flow between the power generating system, the storage system and the consumer. The produced energy is seen as an incoming flow rate V in (t) S in , while the dissipated energy is described by the flow rate V out (t) S out . The difference between these two terms gives the volume change within the container of cross-sectional area S R , in which the column of water has height H(t) at time t.
of the battery, we might waste space, money and valuable materials. Therefore, in the next section we shall examine how to choose a suitable value of B max .
In order to acquire a more intuitive feeling of the meaning of the terms in equation (9), we might return to the hydrodynamic analogue in figure 3 . In this figure a container of crosssectional area S R and height H max , with a hole in the bottom of area S out , is represented. A given volume of water is poured into this vessel at a rate V in (t) S in from the top. On the other side, some water flows out through the hole in the bottom at a rate V out (t) S out . These two terms, in this order, correspond to the produced and dissipated power, P(t) and C(t), respectively. In this way, the left-hand side of equation (9), representing the rate of change of B(t) with respect to time, can be seen as the volume rate of flow S R
, H(t) being the height of the water level in the container.
Naturally, if the volume rate of flow V in (t) S in is always larger than V out (t) S out , the height of the column of water inside the vessel will always increase and will eventually reach its maximum value H max . In this way, water will pour out from the top of the container after the time for which H(t) = H max is reached. However, in adopting the hydrodynamic conceptual analogue, one word of caution is in order. The equation governing the volume rate of flow of water in the model of figure 3 is only formally similar to equation (9), once the opportune correspondence between similar terms is made, as suggested above. Nevertheless, by recalling Torricelli's equation [3] , one sees that the efflux velocity V out (t) is linked to the height H(t) by the following simple relation V out (t ) = √ 2gH(t ), where g is the acceleration due to gravity. This type of relation is wholly absent in the energy balance problem for the hybrid solar-wind power generating system. Nevertheless, the analogy between the two systems can be usedbesides a strict comparison between corresponding physical quantities-to also let students have a more immediate grasp of the storage properties of the stand-alone power generating system.
Two simple specific cases
Start by considering a first simple case for which the terms on the right-hand side of equation (9) sum up to a constant β. In this way, we may set 
equation S(t)+W(t)-C(t), for C(t)
where B 0 is the initial energy level of the battery. Since B(t ) can only take values between 0 and B max , we see that the following asymptotic solutions are reached:
The first asymptotic solution is reached after time τ 1 = B max −B 0 β , the second instantaneously, and the third in a time τ 2 = B 0 |β| . Therefore, while for β > 0 the storage capacity could be taken to be arbitrarily small, only an arbitrarily large battery could prevent a blackout for β < 0. In this latter case, which does not fulfil, for instance, equation (5), one could say that the user should necessarily rely upon the electric grid.
Consider next the following less trivial schematization of the generated power. Start by writing that P(t ) = W (t ) + S(t ), where W (t ) and S(t ) are, respectively, the power generated by the windmill and by the PV cells. Let us now take:
In order to obtain A TB and A PV , we invoke equations (7a) and (7b), respectively, so that, for a constant electric power demand C 0 , by making the choice of time intervals [t 1 
The functions in (12) and the right-hand side of the balance equation (9) A PV ≈ 31.6 m 2 and A TB ≈ 15.8 m 2 . Note the out-of-phase behaviour of the two curves, given by the choice of A PV and A TB made by means of equation (13).
We would now like to discuss what choice of B max is suitable for the parameters chosen in figure 4. In figure 5 a plot of the energy stored inside a very large battery (B max → ∞) is shown as a full line curve. Relying upon the conceptual hydrodynamic model, we may state that, if the height H max of the container is large enough to prevent water overflow, we indeed obtain the full line curve shown in figure 5. In the same way, we could take a large enough battery to prevent energy loss in one year. However, if the power generating system is designed to work for many years, the energy stored will eventually exceed the level B max , no matter how high we choose it to be. Therefore, we might argue that it would not be convenient to allocate considerable space for a large and expensive battery, also considering that this toy model predicts a positive constant term on the right-hand side of equation (9). In this case we might take a battery of finite size (let us say of 500 kWh energy storage capacity), so that the actual behaviour of B(t) is that represented by means of a dashed line in figure 5 .
In practice, however, in contrast to what is assumed in these simple models, we might have quite large variability from one day to the next of the terms P(t ) = W (t ) + S(t ) and C(t ) in equation (9). In this way, in order to give a more realistic mathematical description of the system, we shall consider a discrete version of the energy balance equation in the following section.
Discrete energy balance equation
By considering the discrete version of equation (9), we may write
where P i t and C i t are, respectively, the energies produced and dissipated in one day, and E i is the difference between these two quantities. At the beginning and at the end of the day i (with i = 1, 2, . . . 365) of duration t, we measure the energy stored in the battery, finding the values B i and B i+1 , respectively. As before, the energy P i t produced in one day comes in part from the PV cells and in part from the wind turbines, so that P i t = (S i + W i ) t, where the terms S i t and W i t represent the energy produced by the PV cells and the turbine, respectively, in the ith day of the year. Because of the high variability of the meteorological conditions over the year, we might schematize, for a given region of the Earth, the terms S i t and W i t, as shown in figure 6 , where we have made use of random variations with respect to the previously assumed behaviour reported as dotted curves. The relative variation amplitude, with respect to the corresponding smooth curves in figure 4, is 0.2 for S i t and 0.3 for W i t. Therefore, the curves in figure 4 can be considered to represent the average values of the produced energy calculated over many years. By now setting B 0 = B max and by taking E 0 = B max 3
, we obtain, assuming a constant rate C 0 = 3.0 kW, the solutions reported in figure 7 for B max = 3.0 × 24 kWh (black curve) and for B max = 4.0 × 24 kWh (black curve). Note that, even though no blackouts occur during the year for the black curve, the red curve shifts up of 24 kWh all values of the stored energy, giving the user greater confidence in the reliability of the system.
Conclusions
A simple mathematical description of the energy flow in a stand-alone hybrid solar-wind power generating system is given. One starts by dimensioning the system appropriately, so that the production profile is sufficient for the consumer's needs, described by the dissipation rate function C(t). In this way, relying on simple calculations, the amount of planar surface necessary to implant PV cells and the area swept by the wind turbines are calculated. An energy balance equation is given to determine the dimensions of the storage system. This expression is seen to be identical to the equation governing the volume rate of flow in a leaking container in which water is poured at a known rate. The height H(t) of water into the container gives the amount of liquid stored at time t, corresponding to the energy B(t) stored in the battery. The height H max of the vessel thus corresponds to the maximum storage capacity of the battery B max . It is remarked that the conceptual analogy between the energy balance equation of the hybrid power generating system and the flow rate equation of the hydrodynamic system holds in a weak sense. In fact, while the efflux velocity from a vessel is governed by Torricelli's law in fluid dynamics, no relation between C(t) and B(t) exists in the hybrid generating system studied in this paper, unless some feedback mechanism is appropriately devised. In this respect, in the future one could consider that the amount of energy stored in the battery and the amount of generated power could be known to the consumer. Consequently, greater freedom in using electric appliances could be allowed for higher energy levels in the storage unit and for particularly favourable meteorological conditions.
After having suitably defined the dimensions of the surface occupied by the PV cells and of the area swept by the wind turbines, it is crucial to determine the storage capacity of the battery. For this purpose, the time variability of energy production from one day to the next needs to be considered and a discrete version of the energy balance equation needs to be introduced. In this logical and mathematical step, we assume that there is no time delay in the energy flow in the system; i.e. all energy produced can be stored with no retardation and all stored energy is available to the consumer immediately. Furthermore, we explicitly assume that the average value of the energy produced over the years is given by known smooth functions. Under these hypotheses, assuming a constant dissipation rate C 0 , we see that a good choice is to take the energy storage capacity of the battery as being greater than or equal to the daily energy demand.
The problem of the stand-alone hybrid power generating system can thus be analysed by means of very simple concepts and quite simple mathematical analyses. It can therefore be proposed for use by physics undergraduates, and also advanced high-school students. In the future, we shall attempt solution of the discrete energy balance equation at smaller time scales than t = 1 day. In this case a more detailed analysis of the time variation of the energy sources and of the storage system will be necessary to determine the different characteristic times involved in the solution of this more complex problem.
